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THE FEBRUARY MEETING OF THE SAN FRAN 
CISCO SECTION. 


THE fifteenth regular meeting of the San Francisco Section 
of the AMERICAN MATHEMATICAL Society was held at Stan- 
ford University, Saturday, February 27,1909. The following 
fourteen members of the society were present : 

Professor R. E. Allardice, Professor H. F. Blichfeldt, Pro- 
fessor R. L. Green, Professor M. W. Haskell, Professor L. M. 
Hoskins, Professor D. N. Lehmer, Professor W. A. Manning, 
Professor H. C. Moreno, Professor C. A. Noble, Mr. H. W. 
Stager, Professor Irving Stringham, Mr. J. D. Suter, Professor 
S. D. Townley, Professor A. W. Whitney. 

Two sessions were held, a morning session opening at 10:30 
A. M. and the afternoon session at 3:00 Pp. M., after a luncheon 
at which all those attending the meeting were present. 

The following papers were read at this meeting: 

(1) Professor A. W. WuitNEy. “ An algebra of probable 
inference ” (preliminary communication). 

(2) Professor R. E. ALLARDICE. “ Note on the reduction 
of a circulant.” 

(8) Professor R. E. ALLARDICE. ‘A theorem in the par- 
tition of numbers.” 

(4) Professor W. A. Manninc. “On the order of primi- 
tive groups. Second memoir.” 

(5) Mr. G. F. McEwen. “ Forced vibrations of a pendu- 
lum in a viscous fluid.” 

(6) Mr. H. W. Sracer. “Some investigations in the 
theory of numbers.” 

Mr. McEwen was introduced by Professor H. C. Moreno. 
Abstracts of the papers follow below in the order of their presen- 
tation. 


1. The paper by Professor Whitney points out the unsatis- 
factory character of the fundamental conceptions of the theory 
of probability. The resolution of the difficulty is believed to 
lie in the recognition of the theory of probability as a system 
of relations which have their origin in the fundamental laws of 
thought. The nature of the particular judgments in this field 
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have the subsidiary importance that similar particular judg- 
ments hold in the logie of certain inference, where the dissoci- 
ability of the formal problem from the objective problem is 
recognized ; in the theory of probability this distinction has 
been obscure. 

This body of relations, which properly forms the theory of 
probability, is obtained by generalizing the algebra of the logic 
of classes so as to include the implicatory relations of classes ; 
this is done by the introduction of a symbol, AB/ 4A, the impli- 
catory or subsumptive relation of the class A to the class AB, 
and certain defining operations. 

Ordinary formal logic, or the algebra of certain inference, is 
included as a special case, and it is believed that this generaliza- 
tion serves to give expression as well to the algebra of proposi- 
tions. 

The algorithm gives, as an example, the following expression 
for a simple case of inverse probability, BA/B, that is the 
probability, if the event B has happened, of the hypothesis 


A-AB/A+A-AB/A 


2. In his note on the reduction of a circulant, Professor 
Allardice showed that the circulant C(x, y, z, 0,0, ---), of 
prime order 2p + 1, may be expanded in the form 


r=p 


3. Professor Allardice’s theorem in the partition of numbers 
is as follows: If 2p + 1is a prime, the number of r-partitions 
of all numbers congruent to k (mod 2p+ 1) by means of 
numbers different from one another and not greater than 2p + 1 
is 

1 
2p+1 


2p+ir 
and the number of double partitions of the same type is 


+12r 2r r p—rr 


1909.] MEETING OF THE SAN FRANCISCO SECTION. 373 


4. Professor Manning’s paper is a continuation of an article 
in the April number of the Transactions under the same title. 
In that paper a theorem announced without proof by Camille 
Jordan is proved for certain cases and somewhat extended. The 
proof is now completed by showing that a non-alternating primi- 
tive group of degree 5p + k, where p isa prime number greater 
than 5, and & is an integer greater than 6, cannot contain a 
permutation of order p on five cycles. An easy deduction 
from these results is the theorem : 

If the order of a primitive group of degree n exceeds 

the group is either alternating, symmetric, or one of a small 
number of groups of low class. 

The numbers p,,---, p,,--- are the primes less than n — 2 
written in descending order. The conditions 


4 5 5 5 


n n n n—1 
P2<5—1, P3<3 1; 


must be satisfied by primes which enter the denominator to 
a higher power than the first. 


5. Mr. McEwen gave an account of a mathematical investi- 
gation, with accompanying physical experiments, of the motion 
in a viscous fluid of a sphere attached to a compound gravity 
pendulum. Upon the support of the pendulum is impressed 
the horizontal motion 


= sin at. 


When the effect on the pendulum of both the air and the fluid 
is considered, the differential equation of motion is 


Pu + P, at N= Piece sin at + Piee-* cos at. 
The coefficients P, P,, --- involve pu, the coefficient of viscosity 
of the fluid, and known constantsonly. The particular integral 
that expresses the forced vibration is 
N, 
=ce-“[ A sin (at — 0,) + B cos (at — 8,)] — 


= 
= 
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where 
and in which ¢, is the phase difference in seconds between the 
motion of the sphere and that of the support. 


6. The particular class of numbers which are discussed in 
Mr. Stager’s paper suggested themselves in the construction of 
a table for use in applying Sylow’s theorem. This table — 
now constructed for the first 10,000 numbers and eventually to 
be extended to 15,000 or 20,000 — exhibits the value of & for 
all prime factors of each number which give factors of the form 
p(kp + 1), where p is any prime except 2 and k is any positive 
integer. Those numbers, called P’s, which contain no factor of 
the form p(kp + 1) form a very interesting class. The present 
paper deals with their fundamental properties ; shows that the 
numbers consist of four general types ; obtains several formulas 
for their enumeration ; and suggests a connection between the 
number of ordinary primes and the number of P’s within a 
given limit. 

W. A. MANNING, 
Secretary of the Section. 


THE CONSTRUCTION OF A SPACE FIELD OF 
EXTREMALS. 


BY DR. E. GORDON BILL. 
(Read before the American Mathematical Society, December 30, 1908. ) 


Ir is a well-known theorem of the calculus of variations,* 
that if all the members of a one parameter family of plane 
curves pass through a fixed point QO, then any arc of these ex- 
tremals which does not contain O nor its conjugate point, may 
be imbedded in a field. 

Moreover, in 1879 Weierstrass stated that a field including 
O could be constructed and Professor Bliss ¢ has proved this to 
be true. 


~ * Osgood, Annals of Math., ser 2, vol. 2, p. 112. 
{ Bliss, BULLETIN, vol. 13, p. 321. 
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It is equally true, that if we have a two-parameter family of 
space curves, through a fixed point O, we can construct a space 
field of extremals including O in its interior. 

In order to prove the above statement, we assume O to be an 
ordinary point of the problem, and choose it for the origin of 
coordinates. 

The extremals * are given by the equations 


(1) t= $(8, a, B, %); y= a, B, x(8, a, B, 
where ¢, , x are of class C” for s in (08) and a?+ 6?4* =1, 
s being the length of are measured along an extremal from O, 
and a, 8, ¥ the direction cosines of the tangents to the extremals 
at O. Under these assumptions the following relations ¢ evi- 
dently exist : 
$(0) = (0) = x(0) = 0, 
$,(0) a, ¥,(0) B, x,(0) 
$,,(0) = 1, 1, 1, 
$.(0) = $_(0) = $,(0) = 9, 
¥.(0) = ¥e(0) = ¥,(0) = 0, 
= Xa(0) = x,(0) = 0, 
= $,,(0) = ¥,,(0) 0, 
In order to establish the existence of the above field, it will 
be sufficient to prove the following : 
THeoreM A. There existsa sphere S having its center at O, 


such that for every point in it s, a, B, y are defined as one-valued 
functions of x, y, z of class C’, i. e., the equations 


F, = «— $(8, 4, B, y) =9, F, = y— ¥(s, 2, B, y) = 9, 
F,=2z— x(s, 2, =9, 
have one and only one solution (s, a, 8, y) corresponding to any 
set of values (a, y, z) in S. Me 
Lemma I. There exists a quantity S’=S, such that for s in 


(0*S’), Ns <s=8'], the radius vector r of any point on the 
extremals is an increasing function of s. 


(2) 


(3) 


* Bliss and Mason, ‘‘ Properties of curves in space which minimize a defi- 
nite integral,’’ Transactions Amer. Math. Society,vol. 9, no. 4. 
+9(0) = 9(0, a, 8, y), ete. 
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We have r defined as a function of s by 7?» = ¢ + ¥? + x’; 


hence 
but by Taylor’s formulas 
$= s$(9,), P= x =8x,(9;); 


and thus by relations (2) 


. dr e+ 
lim — =- 
P+ 
Hence, from the continuity of r, the above S’ exists and the 
surface of a sphere of radius 


r =min + + 
will be cut once and only once by each extremal, for a value of 
s in (0°S’). 
Lemma II. There exists a quantity S”=S such that for s 
in (0°S") the Jacobian A of equations (3) does not vanish. 
We have 
$,| 
0 
and hence from (2) A(0, a, 8, y)=0; but expanding 3A in 


terms of the elements of the last row and applying Taylor’s 
formulas, we have from (2) 


a 0 0 ja 1 |e 1 

A | | | 

lms,=28 1 0 0 1 
| | | 

y 0 1 iy 0 1 ly 0 0 


=1. 
Thus in the neighborhood of O 
A = 2s*[1 + E(s)] where lim K(s) = 0, 
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hence S” exists, and about O there is a sphere with radius 

1" = min y + + 
such that for all points in it, except O, the Jacobian of equa- 
tions (3) is not zero. 

Let us choose r>0 to be less than r’ and 7”. We wish 
to show that the sphere S of radius 7 about O satisfies the con- 
ditions of Theorem A. 

We are assured by Lemma I that for s in a restricted inter- 
val, the surface of S is cut once and only once by each extremal 
through O, and by Lemma II we know that for each point of 
the surface of S, the Jacobian of (3) does not vanish. 

Next, let P,(x,, ¥, 2) be a point where one of the extremals 
(1) pierces the surface of S. The values of s, a, 8, y corre- 
sponding to 2,, y, %, Will satisfy (3), and as the functions F, 
(j= 1, ---,4) admit first derivatives in the vicinity of P,, and as 
A(P,) + 0, we can state by the well known theorem on implicit 
functions that: 

In a certain zone Z, of S about P, there exist one-valued 
functions s(x, y, z), a(x, y, z), B(x, y, z), and F(x, y, z) of class 
C’ which reduce to 8,, 4, 8,, ¥) at (%, Yo %) and which iden- 
tically satisfy (3) in 2, y, z in Z,. 

The remainder of our problem is to 
extend the domain of definition of these 
functions into larger and larger zones 
of S until finally they are defined for 
the entire sphere S. 

First we will extend the domain of 
definition around the base B, of Z,. 

Take P, on B, (Fig. I); then as 
above in a sphere S{ about P,, func- 
tions s, a, B, y are defined satisfying 
conditions required and being identical wee 
in Z, with 3, 2, B, ¥. 

Next take P.,, the intersection of S{ and B,; then in S} about 
P., functions s, 2, 8, y are defined, being identical with 3, a, 8, 
yin Z,and Si. 

Thus, if by means of extension spheres S; we can extend the 
domain of definition of functions s, a, B, y completely around 
B,, we are assured of coming back to P,, with the values s,, a,, 
B,, ¥, originally defined there; for each extension sphere S; 
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overlaps Z, and S;_, and in these common parts, the functions 
8, a, 8, y are identical with those originally defined. 

Now, certainly we can extend completely around B, by the 
above process, provided the lower limit of the radii of the ex- 
tension spheres S; is not zero. If, however, 


lower limit 7” = 0 
i 


the region of extension will be limited at some point A (Fig. I) 
on B,; but the functions s, a, 8, y are limited near A and 
hence must have at least one set of limiting values (s, a, 8, 7). 
Moreover, s, a, 8, y are continuous in S and hence 3, @, 8, 7 
are solutions of equations (3), and thus as above we can pet 
past (3, @, B, 7); hence the region of extension is not lim- 
ited at A and therefore 


lower limit r,; + 0. 


Let us now replace all the extension spheres S{ by a sphere 
of fixed radius r’, 


= lower limit r;. 

By means of S’ we can extend the region of definition of 
s, a, B, y from Z, into Z,, a larger zone of S. 

Similarly we can extend from Z, to Z, to Z,, ete., until finally 
a(x, 2), a(a, y, 2), B(x, y, z) and Yy, z) are defined for all 
points of S, provided, however, the radii r‘, of the uniform ex- 
tension spheres S‘ do not converge to zero. 


If lower limit 7‘, = 0 


the zones Z,, Z,, Z,, etc., will be limited in extent by the base 
B (Fig. I) of a zone Z and beyond this we cannot extend. 

But since B is the limiting position of a series of bases B,, 
B,, B,, ete., and since s, a, 8, y remain limited, they must as 
above approach definite limiting values (s, 2, 8, y) as we ap- 
proach a point P of B. 

However s, a, 8, y are continuous functions in the region 
considered, hence (s, 2, 8, y) are solutions of equations (3) and 
thus we can extend past P, i. e., past B. 

So, finally, for every point of S, s, a, B, y are defined as one- 
valued functions of z, y, z of class C’, i.e, a field has been 
constructed about O. 

YALE UNIVERSITY, 

January 22, 1909. 


1909.] THE SECOND VARIATION. 379 


THE SECOND VARIATION OF A DEFINITE 
INTEGRAL. 


BY DR. A. L. UNDERHILL. 


( Read before the Chicago Section of the American Mathematical Society, 
January 1, 1908, and January 2, 1909. ) 


Introduction. 


In the discussion of the minimizing of 


ty 
1 F(a, y, y')dt 
(1) y 


it may happen that the solution of the Jacobi equation presents 
considerable difficulty. In the following pages a method is 
given whereby without the solution of the Jacobi equation cer- 
tain information may be obtained as to the extent of the interval 
in which a weak minimum exists. 

It will be shown that by the evaluation of a quantity K,, 
which is computed along the extremal of the problem, one can 
draw the following conclusions : 

1) If K,=0 along a given extremal arc, there exists no 
conjugate point on the are, i. e., the extremal furnishes a weak 
minimum. 

2) If 0<i/K,=@ along an extremal, then the extremal 
cannot be a minimizing curve in any are along which the value 
of the integral J is greater than 7a. 

3) If 0<b?=1/K,, then the extremal furnishes a weak 
minimum on any are along which the value of J is less than or 
equal to 7b. 


§ 1. Proofs of the Preceding Theorems. 


During a study of invariants connected with the minimizing 
of (1), it was noted by the writer that the second variation of 
J could be given the following iyvariantive normal form : * 


V 2 


* Transactions Amer. Math. Society, vol. 9 (1908), p. 336. 
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in which 
t 
a F(a, y, x’, y)dt, 
to 
and V and K, are two absolute invariants under a point trans- 
formation 
2=X(u,v), y= Y(u, »), 


as well as a parameter transformation ¢ = (7); the defining 
equations for V and K, are 
V=oF! = F} = + aby) FF} * 

E 

From the above form (2) of the second variation follows at 
once : 

TuEeorEM A: In case K,=0 along an extremal are, it follows 
thal &J> 0, and the extremal are furnishes a weak minimum.}t 


In order to obtain the other results, we start from (2) and 
form its Jacobi equation § 


sy &V 
(4) W(V)=— 


and denote by V= (a) the solution of the equation which 
vanishes for a=a,. The next zero of ®(a) may often be ap- 
proximately located by comparing it with the solution of the 
equation 

(5) rt+aV=0 


da a 


which vanishes at a= a,, 


The next zero of this solution is at a = a, + ma. 
Use may now be made of the following theorems of Sturm,]|| 


* Transactions, loc. cit., p. 336, p. 329, p. 327. 

t Ibid., p. 334. 

tIbid., p. 336. 

§ Cf. Bolza, Lectures on the calculus of variations, p. 133. 
|| Darboux, Théorie des surfaces, § 629. 


a—a, 
V=esin( ) 
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regarding the solutions of the two differential equations 


(6) dat = HV, de =HV- 

1) If V = ¢(z) isa solution of the first equation having con- 
secutive zeros at x, and 2,, and if H’=H for all values of x 
in the interval (2,, x,), then the solution of the second. which 
vanishes at x, does not vanish again within or at the end point 
x, of the interval (z,, 2,). 

2) If H’ =H for all values of x in (x,, 2,), then the solution 
of the second which vanishes for x = 2, has at least one zero in 
the interval 

Using (5) and (4) as the two equations of (6), we can for- 
mulate the following : 

TueoreM B: If 1/K, is positive and greater than b? along an 
extremal, then any are of the extremal along which the value of J 
is= rb furnishes a weak minimum to J. 

TueoreM C: If-1/K, is positive and less than a? along the 
extremal, then no are of the extremal along which the value of J is 
greater than tra can be a minimizing curve. 

Comparing these theorems, we notice that A is applicable in 
case K, is =0, while B and C apply when K, is =0, the former 
when 1/K, is greater, the latter when 1/K, is smaller, than 
some definite constant. 


§ 2. Applications. 


Since ‘A, is an invariant under both point and parameter 
transformation the computational work is simplified by properly 
choosing the coordinate system as well as the parameter of the 
extremal. 

1) The geodesic problem.* 

We choose as the u, v coordinates of the surface the geodesic 
parallel coordinates and for parameter the are of the curve on 
the surface. K, turns out to be the gaussian curvature, and 
we have, when use is made of theorem A, the well known 
Jacobi-Bonnet theorem : 

On a surface of negative curvature, a given point has no con- 
Jjugate point on the geodesics which pass through it. 


* Result already given in Transactions, loc. cit., p. 337. 
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2) The problem of the shortest distance between two points. 
By choosing the are as the parameter, the extremal may be 
written in the form 


y=7+ 4s, 


a, B, y, and & being constants. 


The computation of the several quantities which appear in K,, 
each one being taken along the extremal, leads to the following : 


F=1, F’=0, F’=0, 
=1, F,=0, 
Fi = ax" + yy” =0. 
As a result, K, = 0 and 1/K, = oo > for any finite 5, and 
by means of theorem B we have: 


For the problem of finding the shortest distance between two 
points, the extremal 


y=7+4+ 5s, 


furnishes a weak minimum in any interval. 


3) The problem of the minimum surface of revolution. 

The extremal is in this case a catenary and we choose the 
coordinate system so that the curve is symmetrical with respect 
to the y-axis, with its lowest point at (0, a). If the are s is 
selected as the parameter, then the equation of the extremal is 


8 arcsinn —aresinh (+ 
a aresinh ( ). (a) 
a 2 


since s = a sinh(s/a). 
The computation leads to the following : 


Fay, F’=y, 

F=y 


where p is the radius of curvature for the catenary. Since 
1/p = a/y’, one obtains upon substitution of these values in K, 


| 
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since y =a. 

The use of theorem B leads to the following statement : 

For the problem of the minimum surface of revolution, an are 
of the catenary along which the value of J is at most equal to 
wa’ furnishes a weak minimum. 

In case (2,, y,) is the first point of the are of the extremal, the 
abscissa x of the end point of the are which will satisfy the 
above condition is given by the equation 


sinh (=) + 22 — | sinh (= ) -+- 22, | = 4rra. 


4) The brachistochrone problem. 

The extremal is a cycloid and the origin is chosen at a cusp, 
the y axis is directed downward, and the are s is selected as 
the parameter. 

From the usual equation of the cycloid by means of the 
relation 

& = 4a(1 — cos 38) 


we obtain the equation of the extremal under the present choice 
of axis and parameter as 


sin (2 4a)” 4a ) |, 


1 ly 1 
Ff, Ys’ F, 2Vy’ 
1 
vy 


K,= a? K, =; 
The computation gives the following values : 
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For the cycloid 
1 1 1 1 


and after substitution of these values in z. we find 


= gay — 8) +4}; 


or making use of the extremal equation, 


y 
3y means of theorem A, we have the result : 
For the brachistochrone problem there is no conjugate point to 
any point P lying on the same cycloid arch with P. 


THE UNIVERSITY OF WISCONSIN. 


A SIMPLER PROOF OF LIE’S THEOREM FOR 
ORDINARY DIFFERENTIAL EQUATIONS. 


BY PROFESSOR L. D. AMES. 


(Read before the Chicago Section of the American Mathematical Society, 
April 9, 1909. ) 


THE following theorem is essentially equivalent to Lie’s 
principal theorem concerning the integration of the differential 
equation Q(z, y, y')=0 when it is invariant under a known 
group. As stated here, this theorem makes no use of the idea 
of a group. 

THEOREM. Given any differential equation of the form 


(1) Q(x, y, =0 
which can be solved in the form 
(2) X(x, yy — y) = 9; 


if E(x, y) and n(x, y) are such functions that 


Xn — YE + 0, 
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then a necessary and sufficient condition that 

xX 
be exact is that 
On 2 oD 


‘ on on 

(4) + Oy oy Ox Oy 
Proof. Let us first assume that the given equation is in the 

solved form 

(5) 2,(%, y, ¥) = X@ — 9). 


A necessary and sufficient condition that (3) be exact is that 


6 xX Y 0 


If we expand (6), drop the denominator, collect, change signs, 
divide by X, and put Y/X = y’ from (2), we obtain the required 
condition (4). All these steps are possible since Xn — YV& + 0 
by hypothesis, and X + 0. 

Next let the given equation be any equation of the form 


y, =9 
which can be solved in the form 
Y) Xy —Y=0 


throughout a region RF in the three variables z, y, y’, thought 
of as coordinates of a point in three dimensions. Differentiating 
each, we obtain 


ae dx oy dy Oy’ dy 0, 


da + dy + dy’ = 0. 
It follows that 
a. 
20, 20," 


Ox oy Oz 


* In the language of the Lie theory this is the condition that Q(z, y, y’) =0 
be invariant under the group Uf=£(df/éx) + 7(ef/cy). See Lie-Scheffers, 
Vorlesungen iiber Differentialgleichungen mit bekannten infinitesimalen 
Transformationen, p. 97. 
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Hence the results obtained by using © and OQ, respectively in 
(4) differ only by a factor, and the condition (4) applies 
equally well to the equation in the general form. This proves 
the theorem as stated. 

The Lie theory gives no general method of finding the group 
of a given differential equation, and the problem of finding such 
a group is precisely the problem of finding & and 7, solutions 
of (4). 

If € and 7» are chosen in advance, the general form of the 
differential equation which can be integrated by their aid can 
be determined in precisely the same manner as in the Lie theory. 
Thus the Lie theory offers no formal aid in the solution of the 
above mentioned type of equation not furnished by this theorem. 

However, there are some interesting considerations of a geo- 
metrical character due to Monge, Lie, and others which are 
suggestive occasionally ; it is possible to restate some of these 
also, and the author proposes to do this in a later paper. 

The method used in this paper can be applied to other types 
of differential equations, and Lie’s essential results for those 
types obtained. These types will form the subject matter of 
another paper. 


UNIVERSITY OF MISSOURI, 
March 3, 1909. 


HEATH’S EUCLID. 


The Thirteen Books of Euclid’s Elements Translated from the 
Text of Heiberg with Introduction and Commentary. By 
T. L. Heatu, C.B., Se.D. Cambridge, University Press, 
1908. 8vo. 3 volumes. $13.50. 

Ir may properly be said of Dr. Heath’s latest contribution 
to mathematica] literature —and may it not be his last ! — that it 
is characteristically British, and perhaps nothing better could 
be said of a work on the great mathematical classic of the world. 
We are tempted to think that England does not produce the 
great works of Germany, say in the history of mathematics as 
also in the theory of this science, and we point to Cantor and to 
Hankel, to Braunmiihl and possibly to Giinther, or even to 
Simon, as justifying this thought. And yet, when the English 
scholar does bring out a book, it is quite as when a British 
general takes possession of a conquered province — there is 
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nothing more to say. Whatso scholarly work has appeared on 
early Greek geometry as Allman’s, or where is there such a 
readable survey of Greek mathematics as a whole as is to be found 
in Gow? What elementary history of mathematics is so 
charmingly written as Ball, or what one has found its way into 
so many languages or has passed through so many editions ? 

And the same questions may be asked with respect to the 
ancient classics of mathematics — where may one go save to 
England? Heiberg’s scholarly contributions ? — yes, and the 
world is greatly the debtor of this indefatigible worker whose 
ability to read the medieval manuscripts of mathematical classics 
is probably not equaled among living scholars. But Heiberg 
is working on an entirely different problem, one of text criti- 
cism, of finding the probable form of the original, and of com- 
paring the codices. When it comes to a thorough study of the 
mathematical side of the classics of Greece, the world must go 
to England. Paul Tannery might have done this kind of work 
if he had only had the time, although his great scholarship left 
a monument built merely of fragments. But no continental writer 
has stayed with the problem with the tenacity of purpose that 
characterizes a Briton when he sets to work at his task, and 
hence it is to England that we must go for Diophantos, for 
Apollonius, for Archimedes, and for Euclid —to England 
where Greek is not yet dishonored, and where the classics in 
mathematics are still held in highest esteem. 

But when we consider what scholars have made possible this 
appreciation of the works of the ancient masters, when we seek 
out the names of those who have followed in the footsteps of 
Billingsley and Wallis and Simson, we find ourselves possessed 
of doubt as to whether it is England after all that produces 
such works as these, for we find that it is one single scholar 
who has done it all. Cantor has written a monumental work, 
and Zeuthen has contributed worthily to the science, and the 
lamented Braunmiihl has given us a helpful and scholarly 
treatise, and Loria has written with his usual brillianey,— but 
after all, it is the kind of work that Dr. Heath has done that 
makes the work of these other men possible. And so, whether 
it be the effect of English education, or British tenacity, or the 
individual writer, all who are interested in the history of 
mathematics should recognize their indebtedness and the in- 
debtedness of education in general, to the man who has pro- 
duced these works. 
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Dr. Heath’s Diophantos was published in 1885, a single 
volume of 248 pages, and the first noteworthy modern treat- 
ment of the work of the father of Greek algebra. This was 
followed in 1896 by a volume on Apollonius of Perga, and this 
in 1897 by the works of Archimedes. And now, after more 
than ten years, and as a culmination of these contributions, 
comes the Euclid, a work that no one but an Englishman could 
write in the true con amore spirit, one that appeals more to 
English education than to that of any other country, and one 
that comes just at the time for bidding farewell, if such must be 
the case, in royal fashion to the text-book whose history it sets 
forth. 

The purpose of the author is to give a new and better trans- 
lation of Euclid’s elements, to recite the history of the most 
important definitions and propositions, to set forth the criticisms 
and suggested improvements that have been offered from time 
to time, and, incidentally in appearance but designedly in fact, 
to show that, as compared with the great mass of modern text- 
books, the Alexandrian classic stands like a mountain sur- 
rounded by foothills. The feelings of the author with respect 
to this supremacy of the work upon which he is writing appears 
in his opening quotation from De Morgan: “There never has 
been, and till we see it we never shall believe that there can 
be, a system of geometry worthy the name, which has any 
material departures (we do not speak of corrections or exten- 
sions or developments) from the plan laid down by Euclid.” 
Perhaps it is a sufficient tribute to Dr. Heath’s labors to say 
that few will be able to read his work without agreeing with 
him and with the illustrious predecessor whom he quotes. 

A work of this nature is very welcome at this time in the 
development of education, and England is the natural place for 
its appearance. For not only has Euclid flourished on British 
soil as nowhere else, but English writers have left the field 
open by producing oniy text-books of Euclid rather than works 
showing a larger appreciation of his system. Therefore Dr. 
Heath sets for himself four tasks: (1) To make a new and 
more careful translation of the Elements, a labor that has not 
been attempted since Heiberg issued his scholarly Latin edition 
of the text, together with the Greek original, some twenty years 
ago; (2) to include Books VII, VIII, IX, X, and XIII, with 
the so-called Book XIV in an appendix, none of these having 
appeared in English since Williamson’s treatise of 1781-88 ; 
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(3) to add such critical notes as should summarize the scientific 
discussion of all important definitions, postulates, and proposi- 
tions, digesting such treatises as those of Schotten,* Veronese,{ 
and Engel and Stickel ;{ (4) to embody also the results of the 
recent historical discussions of scholars like Tannery, Heiberg, 
Hankel, Bretschneider, Cantor, Loria, and Zeuthen. 

The first volume is devoted to the Introduction, and to Books 
I and IT of the Elements. - The Introduction first discusses all 
that is positively known of the life of Euclid, and in this it 
adds nothing to our stock of knowledge, since no recent dis- 
coveries have thrown light upon the subject. It brings together 
in a few pages, however, the opinions of the early Greek writers 
and furnishes a good bibliography through which students can 
work. It then devotes one chapter to Euclid’s other works ; 
one to Greek commentators other than Proclus ; one to Proclus 
and his sources; one to the text and to a discussion of the 
manuscripts used by Heiberg, with a critical examination of 
the important question of possible alterations made by Theon ; 
one to the scholia, in which the author accepts Heiberg’s con- 
clusion that all the lemmas are spurious and are largely due 
to the commentary of Pappus; one to Euclid in Arabia, and 
one to the nature of the Elements. It is well known that our 
knowledge of Euclid in the West, in the middle ages, came not 
from any Greek manuscripts or Latin translations. but from 
the Arabic. In his chapter on Euclid in Arabia the author has 
gathered a considerable amount of recent material and has made 
us his debtor by setting it forth in condensed form. He shows 
that if the Elements was not the first it was among the first of 
the books translated from the Greek into the Arabic, the earliest 
version being that of al-Hajjij ben Yisuf ben Matar,§ who 
made two translations. It was next translated by Ishaq ben 
Hunain and this rendering was improved by Thabit ben Qurra 
(died 901). The third great translation was that of Nasiraddin 
at-Tiisi,|| which was published in Rome in the Arabic in 1594, 
in reality a paraphrase of Euclid based on Arabic texts. From 
the Arabic the work got into Latin through the translation of 


*Inhalt und Methode des planimetrischen Unterrichts, Leipzig, 1890. 

+ Fondamenti di geometria, Padova, 1891. 

t Die Theorie der Parallellinien von Euklid bis Gauss, Leipzig, 1895. 

¢ El-Haggag ben Jisuf ben Matar, to take Suter’s transliteration. He 
lived under Hariin al-Rasid and al-Mamin, and therefore c. 786-835 A. D. 
He also translated the Almagest. 

| The Nasir-Ed-din el-Tasi of Suter. He was born at Tis in Kurasin in 
1201 and died in 1274. 
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Athelard of Bath (c. 1120) and the copy from it made by Cam- 
panus (c. 1250), or possibly, as Curtze thinks, from an earlier 
anonymous Latin version from which both Athelard and Cam- 
panus made their so-called translations. All of these standard 
texts Dr. Heath has compared with the Greek versions with a 
view to deciding upon the actual propositions originally in the 
Elements as they came from Euclid’s hand. As is well known, 
the propositions deemed essential for plane geometry numbered 
probably 173, the excess over the 167 of a book like Went- 
worth’s being chiefly due to some semi-algebraic propositions 
of Book II. A list of the most important translations and 
editions follows the chapter on Euclid in Arabia. 

The Introduction closes with a discussion of the nature of 
the Elements, probably the most important single chapter in 
whole work. The author shows with great clearness, and by 
reference to the treatise itself and to the ideas of the leading 
ancient commentators, exactly what are the distinctive features 
of Euclid’s work. He refers to Proclus a statement to the 
effect that “in the whole of geometry there are certain leading 
theorems, bearing to those which follow the relation of a prin- 
ciple, all-pervading, and furnishing proofs of many properties. 
Such theorems are called by the name of elements ; and their 
function may be compared to that of the letters of the alphabet 
in relation to language, letters being indeed called by the same 
name in Greek (crovyeia).” He discusses the question of 
“Elements” prior to Euclid, by which the latter may have 
been influenced, and then considers the subject of “ First prin- 
ciples,” showing particularly the relation of Euclid’s concep- 
tion of what should be postulated to that of Aristotle and the 
followers of Plato. There is also in this chapter a very satis- 
factory treatment of the history of such topics as analysis and 
synthesis, and of such special forms of proof as the reductio ad 
absurdum. The chapter closes with a historico-philosophical 
discussion of the nature of definitions. 

tanking with the Introduction in point of interest is the 
treatment of Book I, since it is upon this book that geometry 
so largely depends. The history of such definitions as those of 
point, line, straight line, surface, plane, and angle, is here set 
forth with a clearness of style and a critical judgment that 
make the book a sine qua non to every writer upon geometry 
and to every one who seeks to train a teacher. The discussion 
of angle, for example, is a mode] of judicial treatment. It is 
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not that of a man who holds a brief for Euclid, but one who 
recognizes that the Greek classic is not without defects and 
who seeks to remove any fair criticism by bettering the text. 
An idea of the thoroughness of the discussion may be derived 
from the fact that five large octavo pages are devoted to a 
much-condensed treatment of this particular concept. In the 
same spirit each definition, postulate, and axiom (“common 
notion ”’) is discussed, both historically and philosophically, the 
weak features recognized, the strong ones pointed out, and the 
suggestions for improvement carefully considered. In particu- 
lar the author recognizes, as everyone must, Euclid’s failure in 
not introducing some kind of principle of continuity, say like 
one of those proposed by Killing, or some modification of 
Dedekind’s postulate. The postulate of motion without de- 
formation and the congruence postulates of Pasch, Veronese, 
and Hilbert, have also due recognition. 

It cannot be expected that a reviewer should speak at length 
of the commentary, historical and mathematical, that follows. 
Each of the important propositions of the thirteen books is 
treated at more or less length, the proof and the possibilities of 
improvement being discussed. A spirit of fairness is every- 
where apparent, and the reader lays down the third volume 
with the feeling that the work of a master has had masterly 
treatment. It will be generations before any one will again 
undertake this task, or will feel even tempted to do so. Riccardi* 
stated some years ago that no book save the Bible had been 
through so many editions as Euclid, and he listed over a thou- 
sand different publications of the Elements. Of the notable 
list now known, the editions of Heiberg and Heath will rank 
as the greatest for a long time to come. 

The author is also deserving of special thanks for having 
placed an index and a glossary of Greek terms at the close of 
each of the three volumes. Typographically the work is up 
to the standard of the Cambridge University Press, and even 
the most critical will find little to condemn either in the sub- 
ject matter or in the appearance of the work. 

Davin SMITH. 


* Saggio di una bibliografia Euclidea, Bologna, 1887, pt. I, p. 3. 


392 SHORTER NOTICES. [ May, 


SHORTER NOTICES. 


Vorlesungen iiber Differential- und Integral-Rechnung. Von 
EMANUEL CzuBER. Zweite, sorgfiltig durchgesehene 
Auflage. II Band. Leipzig, Teubner, 1906. 8vo. viii 
+ 532 pp. 

THE present book is the second volume of a course of lec- 
tures prepared by the author primarily for students in tech- 
nical schools, but with the hope that it will meet the needs of 
students in a “narrower” sense. The first edition of the two 
volumes appeared in 1898 and met with a success that called 
forth this second edition eight years later. 

The course was prepared, as appears in the preface to the 
first edition, in the firm conviction that the calculus has a two- 
fold mission to perform. On the one hand, it marks the close 
of the mathematical training of most students in the technical 
school, and should therefore contain sufficient material to give 
a scientific conception of technical problems, and an ability to 
read intelligently the rich literature in this domain. On the 
other hand, it is the gate through which the student who elects 
the study and teaching of mathematics as his life work must 
enter his chosen field. It must therefore contain enough of 
the spirit of research to give the student a mental training in, 
and appreciation of, modern analysis and rigor, in so far as this 
is possible with the material chosen for exposition. 

In the present volume the student is introduced at once tc 
the fundamental problem of the integral calculus, i. e., the 
solution of the equation 

dF 
F(a), 
ae 
and a clear distinction is made between the formal solution de- 
rived from the mean value theorem of the differential calculus 
and a practical solution. 

The definite integral precedes the indefinite integral, and in 
the first section of Chapter I one finds its definition and usual 
properties together with a good definition of an integrable func- 
tion leading up to the principal theorem of the integral calculus, 


= F(b) — F(a). 
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The remainder of the chapter is devoted to the formulas for 
immediate integration and the usual methods of substitution and 
integration by parts. 

In Chapter II is found the integration of rational functions, 
irrational functions, and transcendental functions. The treat- 
ment could not well be otherwise than usual. One finds, how- 
ever, throughout a clearness of statement and an insistence upon 
the distinction between a theoretically complete solution and 
solutions dependent upon isolated methods. 

Chapter III contains the treatment of simple and multiple 
definite integrals. The simple definite integral has already 
been defined (Chapter I) and here we find methods for its 
evaluation together with the mean value theorems and an excel- 
lent treatment of improper integrals, not only in the cases where 
the indefinite integral can be expressed by foregoing methods, 
but also in cases where this is not possible, provided the func- 
tion to be integrated does not change sign in the interval (x,, 5) 
where a =, < band aand bare the limits of integration (b < 0). 
In case the function does not satisfy this condition, a statement 
of the method to be used in testing for the existence of the in- 
tegral is given and two illustrative examples worked. 

The use of infinite series for evaluating integrals is preceded, 
as it should be, by the theorem upon the integration of infinite 
convergent series. 

There follows a treatment of the integral asa function of one 
of its limits ; also as a function of a parameter. It is interest- 
ing to note that the double definite integral is led up to by 
means of integration under the integral sign, and the con- 
sequent proof that the value of the double iterated integral * 
between constant limits is independent of the order of integra- 
tion. Double definite integrals are carefully defined and satis- 
factory proofs given that they can be evaluated by means of 
iterated integration. Triple integrals, and multiple integrals in 
general, follow without unnecessary repetition of proofs. Im- 
proper double integrals are defined and illustrated by examples. 
The chapter closes with a section devoted to eulerian integrals 
and Fourier series. This section has been added to the first 
edition of the book and materially increases its value as an ex- 
ponent of the two-fold mission stated above. 

The application of the integral calculus to geometry, me- 


* Czuber uses the term ‘‘ Zweifaches Integral.” P. du Bois-Reymond and 
O. Stolz use the expression ‘‘ Zweimaliges Integral.”’ 
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chanics, and physics has been deferred to the fourth chapter. 
The student, having been furnished with the tool and an appre- 
ciation of its power, as well as its limitations, is ready to use 
it. The calculation of moments of inertia and centers of mass 
as well as Green’s theorems have been added to the first edi- 
tion. This, together with the addition noted above, marks 
practically the only change from the earlier edition of the 
integral part of the course. The sections on applications to 
mechanics and physics are especially well written. The student 
who goes over the book thus far will have an intelligent con- 
ception of the problems in mechanics to which the integral 
calculus is especially applicable and the use of Laplace’s equa- 
tion and Poisson’s equation, as well as a knowledge of the 
meaning of such terms as “fields of force,” “force func- 
tion,” “tubes of force,” “strength of field,” ete. 

The fifth and last chapter is devoted to differential equations 
and covers nearly one-third of the book. The effort being to 
emphasize the integral calculus as an instrument to be used by 
the student in dealing with technical problems, this is as it 
should be. At the same time the finer use as a mental training 
in mathematical thought is not lost sight of. The chapter 
under consideration is a concise, if elementary, treatment of 
differential equations and not at all a list of isolated methods 
for solving the various types. The greater portion of the 
chapter is devoted to the consideration of ordinary differential 
equations and contains a section upon the calculus of variations, 
which is necessarily limited to the older theory and its classic 
problems. The part devoted to partial differential equations 
is pushed far enough to include the Ampére equation and its 
special case, the Monge equation, but with the frank acknowl- 
edgment that partial differential equations of the second order 
have not, as yet, been completely solved. 

Illustrative examples are worked throughout the text but 
not much space is given to lists of problems to be solved 
by the student —a circumstance which would indicate, even to 
the casual reader, more meat than bone. The book is clearly 
and concisely written and lacks the heaviness which character- 
izes some German texts. It is furnished with a good index 
of subjects, as well as a register of names, and is singularly 
free from errors. “Numerous historical notes and references are 
given, which enhance the value of the book to the careful 
student. 
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It is safe to state that the student who has mastered the con- 
tents of both volumes will be in a position to read technical 
literature with intelligence, and it is equally safe to say that 
no student can consider himself equipped to work in any corner 
of the mathematical field without an equivalent body of knowl- 
edge ready at hand, or without the spirit of careful inquiry 
which pervades Professor Czuber’s two volumes. 

L. WayLanD DowLIne. 


Traité de Mathématiques générales a l’ Usage des Chimistes, Physi- 
ciens, Ingenieurs, et des Eleves des Facultés des Sciences. Par 
E. Fasry. Avec une prefacedeG. Darspoux. Paris, Her- 
mann, 1909, 8vo. 10 + 440 pages. 

Durine the last few years the requirements for the “diplome 
de licencié és sciences” have undergone considerable change. 
The tendency has been to imitate somewhat the German custom 
and allow the student greater freedom in the choice of subjects 
taken for this diploma. Under the present system each faculty 
issues certificates for the work taken in that faculty and a 
student who has obtained three of these certificates, whether at 
the same session or at different sessions, has the right to a 
diploma. Previously there were only three modes of obtaining 
this diploma, but under the new regulations Darboux tells us 
that at Paris alone it can be obtained in 1771 different ways. 

Among the certificates most frequently issued those of general 
mathematics are certainly included. This course in general 
mathematics forms a sort of transition between the mathematics 
of the Lycée and the advanced mathematics of the Univer- 
sity. Such a course has always been necessary for the student 
of mechanics and physics and is fast becoming necessary for the 
student of chemistry. It was to meet this new demand for a 
course in general mathematics that Professor Fabry undertook 
the difficult task of writing a book that should meet the needs 
of the engineer, physicist, and chemist and at the same time 
serve as a preliminary training for those who expect to pursue 
the study of mathematics for its own sake. Such a book must 
combine rigor with simplicity and in this lies the difficulty of 
the task. It seems that the author has succeeded remarkably 
well in combining these two things.. To be sure at times the 
subject becomes quite abstract, but the student of applied science 
can omit these parts without in the least marring the course 
for him. 


| 
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The book is divided into four parts: Algebra, Analytical 
Geometry, Analysis, Mechanics. 

Part I (128 pages) starts with a discussion of incommensur- 
ables, limits, and continuity, leading to the idea of the maximum 
of a function /(x) which remains finite between a and 6. In 
the first 46 pages is given all that the student will need of the 
binomial theorem, determinants, series, and exponential func- 
tions. The subject matter of these introductory chapters is re- 
markably well chosen and only those things are given which 
are really needed for further developments. In the chapter 
on exponential functions and logarithms the number ¢ is defined 
by the series 


and no attempt is made to show that (1 + 1/n)" approaches e 
as n becomes infinite. The function e* is then defined and the 
convergence of the series discussed. 

Derivatives are defined and discussed in Chapter VI, page 
46, and thus early in the work the student has this tool at his 
disposal. It was rather curious to note that the symbols dy, 
dx are used to denote increment instead of the old familiar ones 
Ay, Ax. The formulas of differentiation and Rolle’s theorem 
are disposed of in 6 pages. 

The derivation of Taylor’s series in its finite form is rather 
interesting. Given the function f(x) which possesses the first 
n + 1 derivatives, the following expression is written down 


b—zxy 
F(x) = —f(«) — (6-2) ( 79 f"(2) 


© = 2) — 4b — 


where p is a positive integer and 


A= a? — f(a) —(6—a)f'(a) 
b—ay b—ay 


Now since F(a) = 0, F(b) = 0, and F’ (2) exists for all values 


1 1 1 
+ 
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of x between a and b, we have by Rolle’s theorem 


F'(x) = — + Ap(b — x)! = 0 


for some value x, of x between a and b; and as b — x, + 0 


itive 
Equating this to the value of A above and making the 
substitutions 
a=2, b=x+h, Oh (h< 1), 


we have Taylor’s series in its finite form. The remainder is 
of the form 

(1 — 


If p=n-+ 1, we at once have Lagrange’s form of the remain- 
der. If p= 1, we obtain Cauchy’s form of the remainder. 

Chapter VII is devoted to applications of differentiation ; 
but as no geometry has yet been developed, about the only ap- 
plications made are to maxima and minima and the evaluation 
of indeterminate forms. Chapter VIII treats of development 
in series. Uniform convergence is defined and criteria are given 
for the differentiation of series term by term. The expansion 
of a function by means of Taylor’s series is discussed and the 
expansion is applied toa few particular functions. In Chapter 
IX functions of several variables are taken up. It is remark- 
able that the subject should be developed thus far (80 pages) 
before the first figure appears. It would seem extremely diffi- 
cult for the beginner to grasp the full meaning of much of the 
abstract mathematics without some sort of a geometrical picture. 
It is rather unfortunate that the whole subject of maxima and 
minima should be developed without the use of a single graph. 

Chapter X is a short introduction to the study of imaginaries, 
and the remainder of Part I is devoted to algebraic equations, 
rational fractions, elimination, ete. 

Part II, Analytical geometry (145 pages) contains the ele- 
ments of both plane and solid analytical geometry besides most 
of the applications of differential calculus to geometry con- 
tained in elementary treatises on the calculus. Multiple points, 
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asymptotes, unicursal curves, curvature, torsion, osculating 
plane, ruled and developable surfaces are among the topics dis- 
cussed. The chapters on the conic and quadric are short and 
yet contain the important properties of these curves and surfaces. 
The conics are discussed purely from the equation and not as 
a locus problem. One chapter however is devoted to geometric 
loci, in which the general idea of a locus is developed and such 
curves as the strophoid, cissoid, and cycloid are discussed as 
examples in loci. The idea of a multiple point is introduced 
after 28 pages. It seems as if it might have been better to delay 
this until the student had a little more familiarity with curves 
in general. 

Part III, Analysis (85 pages), begins with a discussion of 
infinitesimals and differentials. Here the notation is changed, 
Ay now being used to represent increment and dy to represent 
differential. In the first chapter the handling of differentials 
is pretty thoroughly drilled into the student. The expression 
for radius of curvature which has already been derived in 
terms of derivatives is now expressed in terms of differentials 
in both rectangular and polar coordinates. The definite inte- 
gral is then defined and it is shown that the limit of =m, is 
the same no matter how the interval be divided. It is then 
shown that the limits of =m, and 2 M6, (M, and m, being the 
maximum and minimum of f(x) in the interval 8) are the same, 
if f(x) is a continuous function. This is rather abstract mathe- 
matics for students of applied science, but the author has a 
scientific conscience to satisfy, and besides it will be useful to 
those who expect to continue the study of pure mathematics. 
In a few pages the ordinary rules of integration are developed. 
The evaluation of the definite integral is then taken up and the 
criteria that the integrals 


where f(x) becomes infinite between a and b, and 


ft (x)dx 


should exist, are given. Evaluation of a definite integral by 
expanding the integrand and integrating term by term is shown 
by means of a single illustrative example. Multiple integrals 
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are defined and the method of evaluating them is given with- 
out a rigorous demonstration, and applications are made to 
area, volume and surfaces of solids. In Chapters VI and VII 
line and surface integrals are discussed and Stokes’s and 
Green’s theorems are derived. 

The last twenty pages of Part III are devoted to differential 
equations. Here again the author shows his ability to present 
the essentials of a subject clearly and in a small space. The 
linear equation, singular solution, systems of equations and par- 
tial differential equations, all come in for their share in these 
few pages. The student of applied science will find here about 
all the differential equations ordinarily necessary for his purpose. 

Part IV, Mechanics (60 pages). In these few pages the 
student will find an introduction to theoretical mechanics. 
The subject is opened by a discussion of velocity and accelera- 
tion and the representation of the acceleration by means of the 
hodograph. The components of the acceleration along the 
tangent and principal normal of the curve of motion are then 
formed, which leads to the equation 


f= (5 ) 2 [p being the radius of curvature]. 
By means of this equation various kinds of motion are dis- 
cussed. Motion expressed in terms of polar coordinates is then 
taken up and the expression for the acceleration is derived. The 
instantaneous center of curvature is introduced both for plane 
and solid figures and the parametric equations of its path are 
obtained. This first chapter then closes with a good discussion 
of relative motion. The chapter contains only eight pages and 
from the amount of material which it contains some idea can be 
formed of the amount of mechanics which the author compressed 
into sixty pages. The following chapters are entitled respec- 
tively, Dynamics of a free point; Dynamics of a point not free 
to move; Center of gravity ; Dynamics of systems. The whole 
treatment is concise and to the point and mathematical in all 
its details. 

At the end of each chapter there are a few well chosen ex- 
amples. The book closes with a table of formulas which con- 
tains, besides the principal results derived in the text, also all 
the most important trigonometric and geometric formulas useful 
to the student. C. L. E. Moore. 
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Auslese aus meiner Unterrichts- und Vorlesungspraxis. By 
HERMANN ScHuBERT. 3 volumes. G. J. Géschen, Leipzig, 
1905, 1906. 

In tliese little books the veteran teacher and editor treats a 
great variety of topics more or less closely connected with the 
mathematical subjects studied in the German gymnasium. 
Originality and elegance of presentation, even in the case of the 
most hackneyed topics, make the lectures of interest and value. 
The keynote is struck in the following sentence from the author’s 
preface : 

“Denn die mathematische Didaktik sollte sich nicht auf oft 
erfolglose Verbesserungsvorschlige beziiglich der Verteilung 
und der Ausdehnung des Lernstoffs beschriinken, sondern sollte 
umgekehrt die Pflicht fiihlen und erfiillen, den zu bewiilti- 
genden Lernstoff so einfach und zuginglich zu gestalten, dass 
auch der minder begabte Schiiler in der nun einmal von oben 
herab vorgeschriebenen Zeit mehr lernt und begreift, als es bisher 
der Fall war.” 

Two of the chapters deal with the calculation of logarithms, 
the first intended for students of the Untersekunda, the second 
for the Prima. The first treatment presupposes merely a 
knowledge of the expansions of (a—b)(a + b), (a — b)’, (a —b)’, 
(a — 6)‘, and the theorems concerning the logarithms of prod- 
ucts and quotients, and is based on the inequality 


2 log x — log — 1) — log (x9 + 1) > 0. 


The second treatment presupposes the general binomial theorem 
and is based on the so-called “Tripelformel ” originally pre- 
sented in the author’s pamphlet “ Elementare Berechnung der 
Logarithmen ” (Géschen, 1903). With these elementary means, 
without any reference to infinite processes, the logarithms of the 
prime numbers less than a hundred are worked out to eight 
decimal places. 

Many of the lectures are devoted to topics from the theory 
of numbers. A section of almost a hundred pages shows how 
the leading theorems on congruences, including quadratic 
remainders and the Pell equation, may be easily and rapidly 
obtained by starting out with the discussion of continued 
fractions. 

The applications of number theory in el:mentary geometry 
are treated very fully. Here many of the results, not merely 
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the presentation, are due to the author. The discussion of 
heronian triangles is a model of elegance. Such a triangle 
is one in which the area and the sides are expressible in 
integers. The author’s method is based on the fact that the 
tangent of half each angle in such a triangle must be rational. 
Angles with this property are termed heronian. The theorem 
on page 13 of volume 2 should evidently be corrected so as to 
read: Every linear homogeneous function, with integral coeffi- 
cients, of any number of heronian angles is itself an heronian 
angle. 

The art of manufacturing problems in such a way that the 
solution as well as the data shall be integral is not cultivated 
seriously in this country.* The author takes up questions 
of this sort in many complicated cases: quadrilaterals with 
rational sides, diagonals, and area; tetrahedrons with rational 
edges, faces, and volume ; and finally, in the last chapter of the 
third volume, spherical triangles with both sides and angles 
heronian (it is here shown that if four of the parts are heronian, 
the remaining two must also be heronian). 

The proof of Euler’s theorem on polyhedrons given in chapter 
8 of the first volume is quite novel: the result is obtained by 
counting, in two different ways, the number of conditions which 
determine a polyhedron, and equating the results. 

A number of the topics are taken from physics. We men- 
tion only the somewhat polemical discussion of the absolute 
system of units; and an elementary treatment of the pendulum, 
in which the period of oscillation is determined with great 
accuracy. The formula 


+ <F 9 3° 
where a denotes the angle of oscillation, was originally published 
in the Naturwissenschaftliche Wochenschrift for 1896, but has 


not attracted the attention it merits. 
E. KAsneEr. 


* Students of elementary geometry usually get the impression that if two 
solids agree in both surface and volume they are congruent or at least sym- 
metric. It is of course easy to give examples showing that this is not true, 
even in the simple case of rectangular parallelepipeds. An example in 
which the dimensions are all integral would be of interest. The protlem is 
to find integral solutions (the smaller the better) of the pair of equations 


1 


1 


1 1 1 
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Il Passato ed il Presente delli Principali Teorie geometriche. 
Terza Edizione accresciutu di uno Sguardo allo Sviluppo della 
Geometria in quest’ultimo Decennio. By Gino Lorta. 
Turin, C. Clausen, 1907. xxiii + 475 pp. 

Lorta’s well known history of modern geometrical theories 
originally appeared serially in the Memorie della R. Accademia 
delle Scienze di Torino. Ten years later, in 1896, a second edi- 
tion was published in book form, and a German translation by 
Sturm made the work more accessible. The present third 
edition, a volume of almost five hundred pages, is especially 
valuable on account of the appended sketch of the development 
of geometry during the last decade, which occupies over a hun- 
dred pages. 

The first chapter of the book gives a rapid survey of the 
origin and development of geometry up to the middle of the 
nineteenth century. (An English translation by Halsted ap- 
peared in the Monist for October, 1902.) Then follow separate 
chapters on the principal modern theories: plane algebraic 
curves, algebraic surfaces, twisted curves, differential geometry, 
analysis situs and configurations, line geometry, correspondences 
and transformations, enumerative geometry, non-euclidean 
geometry, hyperspaces. The final chapter is devoted to mis- 
cellaneous topics ranging from kinematical and constructive 
geometry to quaternions and vector analysis. 

The appendix is divided into sections numbered and named 
in accordance with the chapters enumerated above. After a 
few introductory paragraphs on each topic, most of the space 
is devoted to the bibliographies. In some cases these extend 
up to 1907, in others only to 1904. Of course no attempt is 
made to give complete lists. In the entire work, estimating 
from the excellent index, references are given to perhaps 5,000 
memoirs by 1,500 authors. Considerable space is saved by 
giving in each case only the number of the volume and the 
date of publication, without the page numbers. 

In a bibliographical work of this kind more energy might 
have been devoted to the proofreading; the misspelling of 
proper names is somewhat annoying. Fortunately hardly any 
of the errors are likely to mislead the reader. 

It is interesting to compare the material gathered under the 
title non-euclidean geometry in the appendix with the corre- 
sponding chapter devoted to the literature up to 1897. The 
latter deals exclusively with the elliptic and hyperbolic geom- 
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etries; the former with general axiomatic foundations. The 
activity of investigation in hyperspace geometry, especially in 
Italy, is put in conerete evidence by the fact that the section 
devoted to this subject is the longest in the appendix. 

E. Kasner. 


Fithrer durch die mathematische Literatur mit besonderer Beriick- 
sichtigung der historisch wichtigen Schriften. Von FE.tx 
M@.ter. Leipzig und Berlin, Teubner, 1909. x + 252 pp, 
In the preface we are told that the present work aims to be 

areliable guide through the mathematical literature for all those 

who may seek self-instruction in any domain of the science. It 
seems especially suited for those students who desire to com- 
plete their lecture notes by means of references to the literature 
and the history of the subject. In view of the size and the 
scope of the work it is evident that the specialist will, in general, 
make little use of it along the line of his specialty, but he will 
find in it much general information in a convenient form. It 
has been made generally and permanently accessible by its ap- 
pearance in the Abhandlungen zur Geschichte der mathematischen 

Wissenschaften, Heft XX VII. 

In general, each chapter begins with a brief statement of the 
main features of the subject to which the chapter is devoted and 
some historical notes relating to the origin of the subject. This 
is followed, in order, by a selection of classic works, newer text- 
books, fundamental memoirs, and articles devoted to special 
parts of the subject. Great care has been exercised as regards 
the exact titles and references, but the number of these is so 
large as to make errors almost unavoidable. Some of them 
have been corrected on the five pages of Nachtriige und Ver- 
besserungen. Among those which have escaped we may men- 
tion W. J. Stringham on page 219 in place of W. I. Stringham, 
J. J. Hutchinson on pages 124 and 242 in place of J. I. 
Hutchinson, two incorrect numbers (7, 518) following Blichfeldt 
on page 236, and two (205, 218) following Halsted on page 
241. The latter numbers should have been entered under 
Halphen. 

The first forty-seven pages are devoted to the history of 
mathematics, biography, collected works, periodicals, bibli- 
ography, and encyclopedias. For many readers this will doubt- 
less prove the most valuable part of the volume, since it contains 
a large amount of information which cannot be easily gathered 
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from other sources. The information in regard to the publica- 
tions of various academies and societies, with details as to the 
dates of the most important’serials, should prove to be of great 
value, not only to the student of the mathematical literature but 
also to those in charge of securing complete sets of important 
publications for libraries. The rapidly growing interest in the 
history of mathematics has doubtless led many professional 
mathematicians to wish for a reliable guide through the subjects 
treated in this part. 

The second part covers eighty-four pages and is devoted to 
the following subjects: philosophy, pedagogy, algebra, arith- 
metic, analysis, and function theory. Although nearly all the 
space is used for references yet the extent of the literature on 
these subjects is so great that only a very small part of the total 
number of important references could be given. It can scarcely 
be expected that all would agree that the selections were the 
best that could have been made, as so much depends upon the 
point of view. American readers will especially miss such 
references as Dickson’s Linear Groups, 1901 ; Bolza’s Lectures 
on the Calculus of Variation, 1904; Pierpont’s Theory of 
Functions, 1905; Bécher’s Introduction to Higher Algebra, 
1907. Notwithstanding some unfortunate omissions this part 
contains a great deal of information in a convenient form, 
especially for beginners in these subjects. 

The third and largest part of the volume under review is 
devoted to geometry, which is considered in sixteen chapters 
bearing the following headings: Foundations of geometry, ele- 
mentary plane geometry, trigonometry, continuity, solid geome- 
try, descriptive geometry, analytic geometry, synthetic geome- 
try, infinitesimal geometry, higher plane curves, higher solid 
geometry, enumerative geometry, line geometry, transforma- 
tions, geometry of more than three dimensions, kinematic 
geometry. Although a little more than one-third of the volume 
is devoted to this part yet some very important memoirs and 
works are not mentioned in the references. Among these is 
Kasner’s excellent report on the present problems of geometry, 
which appeared in the BULLETIN in 1905. 

The work closes with a valuable table of contents and a list 
of names quoted, with references to the pages. The preparation 
of a reliable guide through the mathematical literature clearly 
calls for very high attainments on the part of its author. By 
his long connection with the Fortschritte der Mathematik and his 
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many valuable earlier publications, the author of the present 
work has won the confidence of the mathematical public, and 
the usefulness of the present volume will doubtless increase this 
confidence. It is hoped that it may also inspire others to 
render such scholarly services even if their accomplishment de- 
mands a vast amount of time, care, and patience. The more 
our science grows the more need there will be for such works, 
and conversely such works contribute materially towards 
stimulating real growth. 
G. A. MILLER. 


Ueber das Wesen der Mathematik. Rede gehalten am 11. 
Marz 1908 in der 6ffentlichen Sitzung der K. Bayerischen 
Akademie der Wissenschaften von Dr. A. Voss, O. Pro- 
fessor der Mathematik in Miinchen. Erweitert und mit 
Anmerkungen versehen. Leipzig und Berlin, B. G. Teub- 
ner, 1908. 98 pp. 

ADDRESSING a mixed assembly of scientists, Voss endeavors 
to answer the questions: What is the nature (Wesen) of math- 
ematics? How does it happen that mathematics is the only 
science which presents truth in apodictic form? What has 
the past century accomplished toward the elucidation of the 
inner structure of mathematics ? 

Though not answering these difficult questions with the pre- 
cision some may desire, the address is extremely able and in- 
structive. The annotations occupy about half the space of the 
book and contain numerous valuable references to the literature 
of the subject. The author passes in rapid historical review 
the fundamental concepts of variables, functional dependence, 
and limits. He points out the triumphs of mathematics during 
the eighteenth century, a period which culminated with Laplace. 
This great savant made the well-known utterance, now admit- 
ted to be a gross exaggeration: An intelligence to whom at a 
given moment were presented the conditions of the entire ma- 
terial world would be able by mathematical analysis to survey 
the entire past and future of the world. In considering the 
various attempts to define mathematics, Voss passes from the 
antiquated “science of quantity” definition to the more recent 
ones based on the consideration of the logical steps involved, 
namely the definitions of B. Peirce, E. Papperitz, G. Itelson, 
B. Kempe, M. Bocher, H. B. Russell, and LL. Couturat. 
Geometry and mechanics belong to applied mathematics. Pure 
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mathematics has come to be considered the science of number 
(die Wissenschaft von den Zahlen). There follows a sketch 
of the historical development of the number concept. It is 
pointed out that the axiom of Eudoxus and Archimedes does 
not hold for complex numbers. If-a+6bi=e+di, when 
a=c, or when a=c and 6 =d, then not only is 67% less than 
ce’ +di, but nb’i is less also, no matter how large a positive 
integer n may be. Nor does the axiom hold for types of real 
numbers introduced by Hilbert in his Grundlagen. Voss dis- 
cusses the nineteenth century researches on the concept of a 
function of a complex variable, on differential equations, on 
Cauchy’s and Riemann’s definitions of an integral, the recent 
theory of manifoldness and the paradoxes which still encumber 
it. Toward the close he touches upon geometry, makes war 
upon Wundt for his critique of non-euclidean geometry, and 
speaks of the work of Peano and Hilbert on the foundations 
of geometry. Lastly he raises the question, is mathematics 
after all not a huge tautology? If everything rests upon 
number and its assumed laws of combination, then everything 
is included in the logical unfolding of the postulates, and a 
powerful intellect should be able to view all consequences at a 
glance. Poincaré answers the question in the negative, for 
mathematical reasoning involves a creative power, displayed in 
the act of the so-called mathematical induction from n to n+ 1. 
Fr. Meyer answers that, from even a small number of axioms, 
one may draw an unlimited number of deductions and the 
whole science reduces itself to a gigantic game of chess. Voss 
himself likewise answers the question in the negative, but con- 
siders both explanations inadequate in the light of history. 
In the ability of the human mind to make new experiences, to 
draw from them general ideas and subject these to mathematical 
analysis, to numerical treatment, we must seek the steady 
growth of the science. Thus, the idea of continuity gave rise 
to irrational number, the idea of motion to the concept of a limit. 

We have noticed only a few historical errors. Logarithms 
were invented in 1614, not 1620 (page 11); the Diophantine 
symbol of subtraction is given incorrectly (page 11) ; the prin- 
ciple of local value in writing numbers is ascribed to the 
Hindus (page 10), but was known earlier by the Babylonians, 
at least in part. In referring to Babylonian mathematics, 
Voss fails to mention the important researches of Hilprecht, of 
the University of Pennsylvania. 
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On the authority of Moritz Cantor,* Voss ascribes the intro- 
duction of the inference by mathematical induction to Pascal 
(before 1654) and its independent re-introduction to Jacob 
Bernoulli (1680). This important process is called by Max 
Simon { the “ Bernoullian ” or the “ Kastnerian ” inference. 
Charles S. Peirce ascribes it to Fermat and calls it the “ Fermat- 
ian ” inference. 

In view of these conflicting historical statements, it is worth 
while to inquire more minutely into the origin of the process of 
mathematical induction. The claim for Kistner hardly needs 
consideration ; he and other writers used it in the second half 
of the eighteenth century. Nor can priority be established for 
Jacob Bernoulli. The claim for Pascal rests upon passages in 
his Traité du triangle arithmétique, particularly the one relating 
to a certain proportion : § “ Quoique cette proposition ait une 
infinité de cas, j’en donnerai une démonstration bien courte, 
en supposant deux lemmes.” The first lemma says that the 
proportion is seen to be true for numbers on the second diagonal 
(“base”); the second lemma asserts, “que si cette proportion 
se trouve dans une base quelconque, elle se trouvera nécessaire- 
ment dans la base suivante. D’od il se voit qu’elle est néces- 
sairement dans toutes les bases : car elle est dans la seconde base 
par le premier lemme ; donc par le second elle est dans la troi- 
siéme base, done dans la quatriéme, et 4 V’infini.” This process 
is precisely what is now designated by mathematical induction. 

Charles 8. Peirce does not cite, in substantiation of his claim, 
any particular passage from the writings of Fermat, nor does he 
make any specific reference to them. Peirce describes mathe- 
matical induction in the manner current in modern texts and 
ascribes it to Fermat. We have not been able to find in Fermat’s 
works the process of mathematical induction in its purity. In 
the famous Fermatian document, discovered among the papers 
of Huygens in 1879, and entitled ‘ Relation des découvertes en 
la science des nombres,” Fermat describes a method which he 
calls “la descente infinie ou indéfinie.” He says that it was par- 
ticularly applicable in proving the impossibility of certain rela- 


* Vorlesungen iiber Geschichte der Mathematik, vol. 2, 2te Aufl., Leip- 
zig, 1900, p. 749. 

+ Methodik d. elem. Arithmetik, Leipzig und Berlin, 1906, p. 13. 

¢ Century Dictionary, Art. ‘‘ Induction ;’’ The Monist, vol. 2 (1892), pp. 
539, 545. 

§ Oeuvres complétes de Blaise Pascal, vol. 3, Paris, 1866, p. 248 (consé- 
quence XII). 
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tions, but that he finally succeeded in using the method also in 
proving affirmative statements. ‘Si un nombre premier pris a 
discretion qui surpasse de l’unité un multiple de 4 n’est point 
composé de deux quarrez, il y aura un nombre premier de 
mesme nature moindre que le donné; et ensuite un troisiéme 
encore moindre, etc., en descendant a l’infini jusques 4 ce que 
vous arriviez au nombre 5, qui est le moindre de tous ceux de 
cette nature, lequel il s’en suivroit n’ estre pas composé de deux 
quarrez, ce qu’il est pourtant d’ou on doit inferer par la deduc- 
tion a l’impossible que tous ceux de cette nature sont par consé- 
quent composez de 2 quarrez.”” This famous method, known 
to Fermat probably as early as 1636 or 1637, contains a recur- 
rent mode of inference, embodying in one step an indefinitely 
large number of syllogisms. But it is not mathematical induc- 
tion in its purity ; it is such a process applied to a descending 
order of progression, and appearing as the superstructure to a 
reductio ad absurdum argument. Moreover, Fermat does not 
descend in regular progression from n to n— 1, n — 2, ete., but 
leaps irregularly over usually several integers from n to n — n,, 
n—n,—n,,ete. Neither Moritz Cantor * nor H. G. Zeuthen ¢ 
calls this mathematical induction or “ vollstindige Induktion.” 

Even if this term be used in a sense broad enough to in- 
clude the mode of inference described by Fermat, should it be 
called the “ Fermatian inference”? We think not. In the 
first place his Relation did not become general property of 
mathematicians until 1879. Fermat’s leaning was toward 
keeping his methods secret. He influenced mathematicians 
in the theory of numbers by the results he reached, rather than 
by the methods he made known. In the second place, the 
process in question was used 300 years earlier by Campanus in 
his edition of Euclid (1260). Campanus proves the irration- 
ality of the golden section. His argument is reproduced by 
Genocchi and Cantor in algebraic notation thus: ¢ If(z, + 2,): 
= x, : then also or, putting x, — x, 
=2,, where 2,>*2,, we have (x,+%,):%, =%,:%, where 
x2, 2. In the same way we get (7, + x,):2, = %,:2,, where 
x, = 2, and so on indefinitely. Since there is only 
a finite number of positive integers less than x, + x,, the first 
proportion is incorrect ; x, and x, can not be integers; q. e. d. 


* Vorlesungen tiber Geschichte der Mathematik, vol. 2, 2te Aufl., Leipzig, 
1900, pp. 778-780. 

t Geschichte der Mathematik im XVI. und XVII. Jahrhundert, deutsche 
Ausg. v. Raphael Meyer, Leipzig, 1903, pp. 157-162. 

+ Cantor’s Vorlesungen, vol. 2, 2. Aufl. 1900, p. 105. 
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The theory of numbers received much attention from the 
Hindas <-.d Greeks, and it would be surprising if the recurrent 
mode .* inference were not found among them. It does not 
appear, however, strictly in the form of the modern mathe- 
matical induction and free from entanglement with other proc- 
esses. The “cyclic method” of Bhaskara, for solving 
ay’ + s = x’, led to results enabling him from one integral (or 
rational) solution, x = p,, ¥ = q,, of the more special nee 
ay’ + 1 = 2", to geta second solution, p, = pj + 9, = 
and, by repetition, an infinite series of solutions of ay? + 1 = 2’. 

Perhaps less widely known is the rule given by Theon of 
Smyrna (about 130 a.-p.) and proved by Proclus (410-485 
A. D.) for finding numbers representing the sides and diagonals 
of squares, i. e. satisfying d’ = 2s’. If d, and s, is a solution, 
so is d, = 28, +.d,,8s,=8,+d, Buts,=1 and d, = Y2 is 
a solution. Consequently, we get an indefinitely large number 
of solutions d,, 8,, d,, 8,,--- Similar processes are given by 
Proclus for x? — 2y7= 1. It is believed that these problems 
were studied by the Pythagoreans and by peoples of still earlier 
times.t In these Greek and Hindu writings the recurrent 
process is used for finding one solution from another <>lution, 
rather than to show the generality of some particular formula 
or theorem. It is easy to see how some slight change in the 
mode of presentation or in the point of view would yield the 
modern mathematical induction. Thus Proclus was very close 
to the establishment of the formulas d,,,= 28, +d, 
+d, for any value of n. 

All in all it seems best to restrict the term ‘“ mathematical 
induction” strictly to the modern definition of the term, and 
to ascribe it to Pascal. The recurrent modes of inference of 
the Hindus and Greeks are more nearly the modern process of 
mathematical induction than is the mode of inference used by 
Fermat. 

FLORIAN CaJORI. 


*H. Hankel, Geschichte d. Mathematik, Leipzig, 1874, p. 200. 

+ Fr. Hultsch, ‘‘ Die Pythagoreischen Reihen, etc.,’’ in Bibliotheca Mathe- 
matica, 3d ser., vol. 1, 1900, pp. 8-11; H. Konen, Geschichte d. Gleichung 
— Du? = 1, Leipzig, 1901, pp. 2-11. 
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NOTES. 


A NUMBER of copies of the first five volumes of the Zransac- 
tions of the Society, the covers of which have become soiled with 
dust, but which are otherwise in good condition, are offered to 
members of the Society at $2.50 per volume. Orders should be 
sent to the Secretary. 


Tue April number (volume 10, number 2) of the Transac- 
tions of the American Mathematical Society contains the follow- 
ing papers: ‘General theory of modular invariants,” by L. E. 
Dickson ; “ Beitrige zur Theorie der Gruppen linear homo- 
gener Substitutionen,” by I. Scuur; “ Projective differential 
geometry of curved surfaces (fourth memoir),” by E. J. Wr1ic- 
ZYNSKI; “ Natural families of trajectories ; conservative fields 
of force,” by E. Kasner; “ Plane fields of force whose trajec- 
tories are invariant under a projective group,” by G. W. Harr- 
WELL ; “On the order of primitive groups,” by W. A. Man- 
NING; “ Existence and oscillation theorem for a certain boundary 
value problem,” by G. D. Brrkuorr; “On the regions of 
convergence of power series which represent two dimensional 
harmonic functions,” by M. BOcHER. 


Tue April number (volume 31, number 2) of the American 
Journal of Mathematics contains: “ Rational reduction of a 
pair of binary quadratic forms ; their modular invariants,” by 
L. E. Dickson ; “Surfaces and congruences derived from the 
cubic variety having a double line in four-dimensional space,” 
by V. SyypErR; “ Finite groups which may be defined by two 
operators satisfying two conditions,” by G. A. MILLER; “Sym- 
metric binary forms and involutions,” by A. B. CoBLe. 


Tue April number (volume 10, number 3) of the Annals of 
Mathematies contains: “A method of investigating numbers of 
the form 6*s + 1,” by L. L. Dives; “ The solution of algebraic 
equations by partial differential equations,” by H. A. SayRE; 
“ The in- and circumscribed quadrilateral,” hy W. E. BYERLY ; 
“« Applications of probabilities to mechanics,” by E. B. WiLson. 


Art the meeting of the London mathematical society held on 
March 11 the following papers were read: By J. Larmor, 
‘<The kinetic image of a convected electric system in a conduct- 
ing plane sheet ”; by G. H. Harpy, “ On an integral equation.” 
by H. Bateman, “ Transformation of electrodynamic equations 
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and the laws of motion” ; by E. “ Transforma- 
tion of electrodynamic equations of moving bodies.” 


THE Smith prizes of Cambridge University for the year 
1909 were awarded to N. W. Turnsu.u (Trinity), for his 
essay: “ Theirreducible concomitants of two quadricsin n varia- 
bles,” and to G. N. Watson (Trinity), for his essay : “The solu- 
tion of the linear homogeneous difference equation of the second 
order and its application to the theory of linear differential equa- 
tions of the Fuchsian type.” 


THE following members of the International Commission on 
the Teaching of Mathematics, established by the International 
Congress of Mathematiciens held et Rome in April, 1908, have 
thus far been appointed: Austria, E. Czuber, R. Suppant- 
schitsch, W. Wirtinger; Denmark, P. Heegaard; France, P. 
Appell, C. Bourlet, C. A. Laisant; Germany, F. Klein, P. 
Staeckel, P. Treutlein ; Greece, K. Stephanos ; Great Britain, 
Sir G. Greenhill; Holland, J. Cardinaal ; Hungary, E. Beke, 
G. Rados; Italy, G. Castelnuovo, F. Enriques, G. Vailati ; 
Portugal, G. Teixeira ; Russia, N. J. Sonin, B. M. Kojalovic, 
M. Vogt; Spain, Z. G. de Galdeano ; Switzerland, H. Fehr, 
C. F. Geiser ; United States, W. F. Osgood, D. E. Smith, J. 
W. A. Young. The United States section has organized and 
elected Professor D. E. Smith chairman, and a preliminary 
report has been issued. The work in this country will be car- 
ried on by means of a number of committees and subcommittees 
soon to be appointed. 


THE publishing house of Ginn and Company, of New York 
and Boston, announce a treatise on differential geometry by Pro- 
fessor L. P. EisENHART, of Princeton University, now in press 
and to appear during the early summer. 


THE firm of Martin Schilling, manufacturer of mathematical 
models and apparatus announces that following the death of Mr. 
Schilling its address is changed to Leipzig, Kantstrasse 12. Its 
affairs will be conducted by a competent scientific director, as 
heretofore. A large number of new models for use in descrip- 
tive geometry, theory of curves and surfaces, theory of func- 
tions, algebra, and mechanics are being prepared, most of which 
will appear this spring. 


Wiru the April number of the American Mathematical 
Monthly, Professor L. E. Dickson retires from the board of 
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editors ; the staff now consists of Professors B. F. FINKEL, 
G. A. Mrucer and H. E. Stavenut. The place of publica- 
tion has been transferred to Chicago. 


THE following courses in mathematics are offered during the 
summer semester of 1909 : 


UNIVERSITY OF BERLIN. — By Professor H. A. ScHwarz: 
Problems in maxima and minima treated by methods of ele- 
mentary geometry, two hours ; Integral calculus, four hours ; 
with exercises, two hours; Theory of analytic functions, I, 
four hours; Colloquium, two hours ; Seminar, two hours. — 
By Professor G. Fropentus: Theory of algebraic equations, 
II, four hours; Seminar, two hours. — By Professor F. 
ScuorrKy : Theory of elliptic functions, four hours ; Theory 
of potential, two hours ; Seminar, two hours. — By Professor 
G. Hetrner: Theory of probabilities and errors of observa- 
tion, two hours. — By Professor J. KNopLaucn: Analytic 
geometry, four hours; Theory of surfaces and space curves, 
four hours; Congruences, one hour.— By Professor R. 
LEHMANN-FiLués : Differential calculus with exercises, four 
hours. — By Dr. I. Scuur: Introduction to the theory of ordi- 
nary differential equations, four hours ; Theory of algebraic num- 
bers and ideals, four hours. 


University oF Bonn. — By Professor E. Stupy: Appli- 
cations of the calculus to geometry, four hours ; Introduction 
to the theory of invariants, one hour. — By Professor E. Lon- 
pon : Differential and integral calculus, four hours ; Axonom- 
etry and perspective, two hours: Seminar, two hours. — By 
Professor G. KowaLewskI: Theory and applications of deter- 
minants, three hours; Differential equations, four hours ; 
Method of an infinite number of variables, one hour. — By 
Professor C. CaratHfopory: Calculus of variations, four 
hours; Seminar, two hours. — By Dr. F. HEssENBERG: 
Theory of algebraic equations, four hours. 


University oF Lerpzic.— By Professor C. NEUMANN: 
Theory of potential and spherical harmonics, four hours ; Semi- 
nar, two hours. — By Professor K. Roun : Projective geometry, 
two hours ; Plane analytic geometry, four hours ; Seminar, two 
hours. — By Professor O. H6LpER: General theory of func- 
tions of a complex variable, four hours ; Higher algebra, three 
hours ; Seminar, two hours. — By Professor F. HausporFF : 
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Theory of numbers, three hours ; Theory of determinants, two 
hours.— By Professor H. LizesMann : Differential equations 
with exercises, six hours. 


THE following courses in mathematics are announced for 
the year 1909-1910: 


University oF CuHIcaco (summer quarter, June 21 to 
September 3, 1909).—By Professor E. H. Moore: General 
analysis, four hours ; Synthetic geometry, four hours ; Graph- 
ical algebra, four hours, all first term.— By Professor L. E. 
Dickson: Theory of numbers, four hours; Solid analytic 
geometry, five hours. — By Professor J. W. A. Youne: Crit- 
ical review of secondary mathematics, four hours; Limits and 
series, four hours. — By Professor J. B. Suaw: Elliptic inte- 
grals and Fourier series, four hours; College algebra, five 
hours ; Trigonometry, five hours. — By Professor O. D. KEL- 
LocG: Theory of functions of a complex variable, four hours ; 
Integral calculus, five hours; Analytic geometry, five hours. 
—By Dr. A. C. Lunn: Vector analysis, four hours; Differ- 
ential calculus, five hours. — By Professor K. Laves: Analy- 
tic mechanics, four hours. — By Dr. W. D. MacMi.uan: In- 
troduction to celestial mechanics, five hours. 


CoLtumBi1A UNIVERsITY. — By Professor T. S. Fiske: Ad- 
vanced calculus, introduction to the theory of functions of a 
real variable, three hours; Theory of functions of a complex 
variable, three hours. — By Professor F. N. Cote: Theory of 
groups, three hours ; Theory of invariants, three hours. — By 
Professor JAMES Mac.tay: Application of the calculus to the 
theory of surfaces, three hours. — By Professor D. E. Smita: 
History of mathematics, two hours. — By Professor C. J. 
Keyser : General theory of assemblages, three hours ; Modern 
theories in geometry, three hours. — By Professor H. B. 
MircHELL: Geometrical analysis, three hours. — By Professor 
Epwarp Kasner: Geometry of dynamical systems, two 
hours ; Contact transformations and applications, two hours. 
— By Professor G. H. Linc: Theory of numbers, three hours ; 
Modern higher algebra, three hours. 


CorneELL University. — By Professor J. McManon: 
Vector analysis, two hours; Applications of vector fields, two 
hours; Theory of probabilities, two hours. — By Professor J. 
H. Tanner: Teachers’ course (assisted by Dr. F. W. OWEns), 
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three hours. — By Professor J. I. Hutcuinson : Differential 
geometry, three hours (first term). — By Professor V. SNYDER : 
Algebraic curves, three hours. — By Professor W. B. Frre; 
Theory of functions of a real variable, two hours. — By Dr. 
F. R. SaHarpe: Introduction to mathematical physics, three 
hours. — By Dr. A. Ranum: Algebra, three hours (first term). 
— By Dr. D. C. GILuespie : Series, three hours (first term) ; 
Linear differential equations, three hours (second term). — By 
Dr. C. F. Craia: Analytic geometry, three hours. — By Dr. 
F. W. Owens: Differential equations, two hours. — By Mr. 
J. V. McKetvey: Projective geometry, three hours. The 
Oliver mathematical club will meet weekly. 


University oF (All courses are three hours a 
week.) — By Professor S. W. SHatruck : Differential equa- 
tions (first semester) ; calculus of variations (second semester). 
sy Professor E. J. TowNsEND: Theory of functions of a com- 
plete variable. — By Professor G. A. MILLER: Theory of groups 
(second course). — By Professor E. J. Winczynsk1: Projec- 
tive differential geometry. — By Professor H. L. Ruierz: 
Theory of statistics. — By Professor C. N. Haskrys: Fourier 
series ; advanced calculus. — By Professor J. W. Youne: 
Theory of automorphic functions. — By Dr. C. H. Sisam: 
Theory of invariants and higher plane curves. — By Dr. A. R. 
CRATHORNE: Partial differential equations of physics. — By 
Professor YounG or Dr. R. L. BOrcer: Projective geometry 
and linear transformations. 


YaLe University. — By Professor J. Prerpont: Theory 
of functions of a complex variable, two hours. — Advanced 
theory of functions, two hours; Elliptic functions, two hours. 
— By Professor P. F. Smrrn: Transformations of space, two 
hours ; Differential geometry, two hours. — By Professor E. W. 
3rowN: Mechanics, two hours; Advanced calculus, three hours ; 
Hydromechanics, two hours. — By Professor H. E. HAwKEs: 
Projective geometry, two hours ; Advanced algebra, two hours. 

— By Dr. W. A. GRANVILLE: Elementary differential geome- 
try, two hours. — By Dr. W. R. Lonciey: Differential equa- 
tions, two hours. — By Dr.G. M. ConwE.Li: Elementary diff- 
erential equations, one hour; Foundations of geometry, two 
hours ; Invariants, two hours. — By Dr. E. G. Bri: Integ- 
ra] equations, one hour; Analytic geometry, two hours. 
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AT the technical school of Zurich Drs. Du Pasquier, 
KIENAST, and MEISSNER have been appointed docents in mathe- 
matics. 


Dr. O. Spiess, of the University of Basel, has been pro- 
moted to an associate professorship of mathematics. 


ProFessor G. Loria, of the University of Genoa, has been 


elected foreign member of the royal Bohemian academy of 
sciences. 


Dr. ZorETTI has been appointed lecturer under the conditions 
of the Peccot foundation at the Collége de France. The sub- 
ject of his course is singular points of analytic functions. 


Proressor G. HERGLOTZ, of the technical school at Vienna, 
has accepted a professorship of mathematics at the University 
of Leipzig, as successor to the late Professor W. Scheibner. 


ProFessor F. SCHILLING, of the technical school at Danzig, 
has declined the professorship of mathematics at the technical 


school at Dresden made vacant by the resignation of Professor 
Disteli. 


Dr. A. THAER has been appointed docent in mathematics at 
the University of Jena. 


Proressor W. Lupwie, of the technical school at Braun- 
schweig, has accepted the professorship of descriptive geometry 
at the technical school at Dresden. 


Proressor V. VOLTERRA, of the University of Rome, has 
been elected corresponding member of the imperial academy of 
sciences of St. Petersburg. 


Proressor P. BurGatri, of the University of Bologna, has 
been elected to membership in the Bologna academy of sciences. 


Dr. E. E. Levi has been appointed associate professor of the 
calculus at the University of Genoa. 


At Columbia University, Dr. G. H. Line has been promoted 
to an associate professorship of mathematics. 


Art Stanford University Professor H. C. Moreno and Pro- 
fessor 8. D. TowNLEY have been promoted to associate professor- 
ships of applied mathematics. 
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Mr. J. V. McKetvey has been appointed instructor in 
mathematics at Cornell University. 


THE alumni association of Columbia University gave a din- 
ner to Dean J. H. VAN AMRINGE, on April 3, to celebrate his 
birthday and a half century of teaching in Columbia College. 


ProFressor J. J. Browne, of the Colorado School of Mines 
died February 20, at the age of 42 years. 


NEW PUBLICATIONS. 
I. HIGHER MATHEMATICS. 


BiicHEeR, neue, tiber Naturwissenschaften und Mathematik. Mitgeteilt 
Winter 1908-09. Leipzig, Hinrich. 8vo. Pp. 65-86. M. 0.30 


BurKHARDT (H.). See ENzYKLOPADIE. 


CASTELLS VipAL (P.). Balanza algebraica para obtener las rafces reales de 
las ecuaciones algebraicas 6 trascendentes, con una incégnita. Con- 
ferencia dada en el Instituto de Ingenieros Civiles el dia 28 de Octubre 
de 1908. Madrid, 1909. 22 pp. P. 1.00 


CorrEALE (E.). Principali formole di geometria analitica in coordinate 
biangolari. Napoli, De Rubertis, 1908. 16mo. 23 pp. 


ENZYKLOPADIE der mathematischen Wissenschaften mit Einschluss ihrer 
Anwendungen. Vol. II: Analysis. In 3 Teilen. Redigiert von H. 
Burkhardt und W. Wirtinger. 3ter Teil. Ites Heft. Leipzig, Teub- 
ner, 1909. 8vo. Pp. 1-46. M. 1.50 

HorrMann (C.). Das Abelsche Theorem fiir die elliptischen Integrale. 
(Diss. ) Tiibingen, 1909. 8vo. 47 pp. 

JuNKER (F.). Héhere Analysis. ler Teil: Differentialrechnung. 3te, 
verbesserte Auflage. Neudruck. (Sammlung Géschen, 87). Leipzig, 
Géschen, 1908. 8vo. 204 pp. Cloth. 0.80 

KoestLer (W.). Beitriige zu Reihen-Entwicklungen nach Bessel’schen 
Zylinder-Funktionen. (Diss.) Bern, 1907. 8vo. 110 pp. 

LarsanT (C. A.). See LEFEBVRE (L. C.). 

LEFEBVRE (L. C.). Notions fondamentales de la théorie des probabilités. 
Préface de C. A. Laisant. Paris, Dulac, 1909. 8vo. 3-+ 181 pp. 
NeEuMANN (A.). Ueber quadratische Verwandtschaften in Ebene und Raum, 
insbesondere Kreis- und Kugelverwandtschaft. (Diss.) Koénigsberg, 

1908. 8vo. 82 pp. 

(C.). Sulle varieti algebriche formate da una semplice infinita 
di spazi. Cuneo, 1908. 4to. 10 pp. 

Pezzo (P.). Lezioni di geometria proiettiva, dettate nell’ universita di 
Napoli nell’ anno 1908-09. Napoli, De Rubertis, 1908. 8vo. 354 pp. 

L. 12.00 

Scumipt (R.). Ueber zweite Polarflichen einer allgemeinen Fliche 4ter 

Ordnung. (Diss.) Breslau, 1908. 8vo. 96 pp. 


Wrretincer (W.). See ENZYKLOPADIE. 
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II. ELEMENTARY MATHEMATICS. 
Bos (H.) et Reprzre (A.). Eléments de géométrie. 6e édition. Paris, 


Hachette, 1909. 8vo. 503 pp. Fr. 7.50 
CLEMENT (L.). The ancient science of numbers. London, Fowler, 1909. 
12mo. Cloth. 3s. 6d. 


ELEMENTOs de aritmética con algunas nociones de algebra por los hermanos 
de las escuelas cristianas. 10a edicién. Correspondiente 4 los cursos 
medio y superior. Paris, Procuraduria general, 1909. 16mo. ‘392 pp. 


Games (H. G. W. H.). See (BR.). 


JIMENEZ RueEpA (C.). Lecciones de geometria métrica en que se contesta 4 
los programas de las escuelas y de la Facultad de Ciencias. 2a edicién 


aumentada. Madrid, Sudrez, 1909. 778 pp. P. 25.00 
Knicut (W.A.). Cassell’s elementary geometry. London, Cassell, 1909. 
8vo. 262 pp. Cloth. 2s. 6d. 


MATRICULATION model answers: Mathematics. Being the London Univer- 
sity matriculation papers in mathematics from June, 1906 to January, 
1909. London, Clive, 1909. 8vo. 144 pp. 2s. 


Netrety (R.) and Games (H. G. W. H.). Exercises in algebra. With 
answers. London, Longmans, 1909. 8vo. 318 pp. Cloth. 5s. 6d. 


NovuveELLes tables de logarithmes 4 cinq décimales pour les lignes trigo- 
nométriques dans les deux syst@mes de la division centésimale et de la 
division sexagésimale du quadrant et pour les nombres de 1 a 12,000. 
Edition spéciale 4 l’usage des candidats aux Ecoles polytechnique et de 
Saint-Cyr. Paris, Gauthier-Villars, 1908. 8vo. Fr. 3.00 


REBIERE (A.). See Bos (H.). 


ScHwerineG (K.). 100 Aufgaben aus der niederen Geometrie nebst voll- 
stindigen Lésungen. 3te, verbesserte Auflage. Freiburg, Herder, 1908, 
8vo. 12+ 170 pp. M. 2.60 

(D. E.). See WENTWoRTH (G. ). 

Socci (A.) e ToLomer (G.). Aritmetica generale e algebra: libro di testo 
perilicei. Vol. I, per la laclasse. Firenze, Le Monnier, 1909. 8vo. 


8 + 150 pp. L. 1.50 
Srassano (P.). Elementi di geometria. Napoli, Pellerano, 1909. 16mo. 
12+ 208 pp. L. 2.50 


ToLoME! (G.). See Soccr (A.). 


Unwin (P. W.). Practical solid geometry. Londen, Bell, 1909. 8vo. 
280 pp. Cloth. 4s. 6d. 


Wotrr (H.). Sitze und Aufgabea der Geometrie fiir Realanstalten, nach 
den preussischen Lehrpliinen von 1901 zusammengestellt. 2ter Teil. 
Pensum der Oberstufe (Obersekunda und Prima). Leipzig, Teubner, 
1909. 8vo. 4-+ 120 pp. M. 2.00 


Wert (A.). Sammlung graphischer Aufgaben fiir den Gebrauch an héheren 
Schulen. I. Mathematik. Gebweiler, Boltze, 1909. 8vo. 64 pp. 
M. 1.80 


Wentworta (G.) and Smit (D. E.). Complete arithmetic. Boston, 
Ginn, 1909. 8vo. 6+ 474 pp. Cloth. $0.70 
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Ill. APPLIED MATHEMATICS. 


DaNFLLE (M. R.). Géométrie cotée (classe de troisitme B). Paris, Colin, 
1908. 16mo. 64 pp. Fr. 1.25 


Duranp (W. F.). The resistance and propulsion of ships. 2nd edition, 
revised. New York, Wiley, 1909. 8vo. 13+ 427 pp. Cloth. $5.00 


FervaL (H.). Eléments de géométrie descriptive 4 l’usage des candidats 
aux baccalauréats de l’enseignement secondaire et aux écoles du gou- 
vernement. 9e édition, compl?tement refondue, conformément aux pro- 
grammes officiels du 2 7 juillet 1905. Paris, Belin, 1908. 12mo. 350 pp. 

Fr. 3.75 


(A. V.). See Puiturps (J. D.). 


Puiturps (J. D.) and Mriuar (A. V.). Essentials of descriptive geometry. 
Madison, Wis., Tracy, 1909. 12mo. 7+ 104 pp. Cloth. $1.00 


PreELtni (C.). Graphical determination of earth slopes, retaining walls, and 
dams. London, Constable, 1909. 8vo. 8s. 


Reirr (W.). Rollen einer Kugel in einem Zylinder ohne Einwirkung der 
Schwerkraft. (Diss.) Tiibingen, 1908. 8vo. 36 pp. 


RosENTHAL (L. W.). Practical calculation of transmission lines, for distri- 
bution of direct and alternating currents by means of overhead, under- 
ground, and interior wires for purposes of light, power, and traction. 
New York, McGraw, 1909. 8vo. 10+93 pp. Cloth. $2.00 


SatmorraGHi (A.). Nouvelles tables des coordonnées rectangulaires 4 cing 
et 4 quatre décimales calculées suivant la division sexagésimale du quad- 
rant mais 4 subdivision décimale du degré, et tables auxiliaires pour les 
calculs de la tachéometrie. Milano, Peggiani, 1909. 4to. 15+ 229 pp. 

Wesse (E.). Anwendung der elliptischen Funktionen auf ein Problem aus 
der Theorie der Gelenkmechanismen. (Diss.) Rostock, 1907. 8vo. 
102 pp. 
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